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Abstrat
The reent experimental evidene for entangled states of two Josephson juntion qubits [1℄ is briey disussed.
It is argued that the interpretation of the experimental data strongly depends on the assumed theoretial model.
Namely, the qubit states are supposed to be the lowest lying eigenstates of a ertain eetive Hamiltonian and
hene automatially orthogonal, while the simple analysis within a more fundamental many-partile model shows
that those states should strongly overlap. This makes the standard interpretation of the measurement proedure
questionable.
In the reent paper of the author [2℄ it has been argued that the Josephson juntion (JJ) is essentially a lassial
system and therefore annot serve as an implementation of a qubit. On the other hand the very reent experiment
on two oupled phase JJ strongly supports the idea of superonduting qubits whih an be prepared in relatively
stable entangled states [1℄. To resolve this paradox we ompare two models of the JJ (for simpliity the Cooper pair
box). The rst one is a phenomenologial model usually based on the formal quantization of the Kirhho's equation
for the suitable superonduting iruit [3℄,[4℄ but here derived from a ertain simplied quantum Hamiltonian via
semilassial limit and "requantization" of the relevant degree of freedom [2℄. The obtained system is a nonlinear
quantum osillator for whih its two lowest eigenstates dene a qubit. The (destrutive) qubit measurement is
done by applying a strong pulse suh that the higher energy state (say |1〉) tunnels out of the potential well. If it
happens then it is onluded that the qubit was in the state |1〉 otherwise in the state |0〉. This interpretation is
based solely on the assumption that the only possible outomes are two orthogonal eigenstates |0〉,|1〉. The seond
model based on the approximated form of the Bose-Einstein ondensate's wave funtions whih should orrespond
to |0〉,|1〉 exhibits a strong overlap 〈0|1〉 ≃ 1.
The Cooper pair box We begin with the simplied model of a JJ assuming that the Cooper pairs an be treated
as a free bosoni gas below the ritial temperature of Bose-Einstein ondensation. We have two eletrodes ("1"
and "2") made of a superonduting material separated by a thin layer of an insulator whih allows for tunneling
of Cooper pairs. The annihilation and reation operators a1, a
†
1 and a2, a
†
2 orrespond to the ground states of a
boson (Cooper pair) in separated eletrodes. In order to onstrut a superonduting qubit one tries to supress the
tunelling of many Cooper pairs by using the iruit onsisting of a small superonduting island "1" onneted via a
JJ to a large superonduting reservoir "2". Coulomb interation between Cooper pairs in a small eletrode beome
important and an be modelled by the quadrati term in the Hamiltonian below, with n¯1 being the bakground
number of Cooper pairs in the island orresponding to a neutral referene state. The seond term ontains potential
dierene U between eletrodes and the term proportional to λ desribes the tunneling of Cooper pairs
H = EC(a
†
1a1 − n¯1)2 +
U
2
(a†1a1 − a†2a2) +
λ
2
(a1a
†
2 + a
†
1a2) . (1)
The standard piture of the Cooper pair box an be obtained from the Hamiltonian (1) treating the operators
a1, a2 as lassial variables and using the following formal substitutions
n1 = a
†
1a1, n2 = a
†
2a2, n = n1 − n¯1, a1 =
√
n1e
−iφ1 , a2 =
√
n2e
−iφ2 , φ1 − φ2 = φ (2)
whih (under the ondition n << n1, n2, N ≡ n1 +n2) yields the Hamiltonian (up to an irrelevant onstant) [3℄,[4℄
H = EC(n− ng)2 − EJ cosφ , ng = − U
2EC
, EJ = −λ
2
√
(N − n¯1)n¯1 . (3)
The next step in the standard approah is to "requantize" the variables n, φ assuming the following anonial
ommutation relations [3℄,[4℄
[φ, pi] = i , pi = n− ng (4)
1
and to onsider the properties of the "quantum nonlinear osillator" with the Hamiltonian (3). The two lowest lying
eigenstates, whih are automatially orthogonal, are supposed to provide the superonduting implementation of a
qubit.
Many-partile wave funtions
The fundamental property of the Bose-Einstein ondensate is the form of its N-boson wave funtion whih is
approximatively given by a tensor produt of the idential single-boson wave funtions ψ [5℄. Therefore, the set of
ondensate's wave funtions does not form a linear subspae in the Hilbert spae of the N-partile system. Observed
"oherent superpositions" of two Bose ondensates are desribed by the states of the form
Ψ = ⊗N (c1ψ1 + c2ψ2) (5)
whih are not superpositions of states orresponding to separated parts of the ondensate. Moreover, even on the
single-boson level the "superposition priniple" leading to c1ψ1+c2ψ2 holds only approximatively as the single-boson
funtion satises a nonlinear Gross-Pitaevski equation of motion.
Due to the oherent tunneling of Cooper pairs the wave funtion ψ = c1ψ1+ c2ψ2 is a superposition of two wave
funtions loalized in the rst and the seond eletrode, respetively. In partiular, N Cooper pairs distributed
among two eletrodes with N1 pairs in the rst and N2 = N −N1 in the seond one are desribed by the state
Ψ =
⊗
N
(√N1
N
ϕ1 +
√
N2
N
ϕ2
)
(6)
where ϕ1 and ϕ2 are orthogonal and normalized single-boson wave funtions orresponding to ground states in
eletrodes "1" and "2", respetively. The states |0〉,|1〉 of the Cooper pair box qubit in the standard piture dier
by a small number δN << N1 of Copper pairs in the eletrode. Then in the many-body piture they an be written
as
|0〉 ≡ Ψ− , |1〉 ≡ Ψ+ ,Ψ± =
⊗
N
(√N1 ± δN/2
N
ϕ1 +
√
N2 ∓ δN/2
N
ϕ2
)
(7)
Their salar produt, under the assumption N1 << N2, reads
〈Ψ−|Ψ+〉 ≃
(
1− (δN)
2
8N1N
)N ≃ e−(δN)2/8N1 ≃ 1− (δN)2/8N1 . (8)
It follows that all states of the ondensate whih dier by a "mirosopi number" of Cooper pairs in the eletrode
form a narrow one (when depited as "rays") and we annot nd among them two orthogonal ones.
Conlusion We have ompared two desriptions of the JJ qubit states: rst based on the standard phenomeno-
logial eetive Hamiltonian and the seond applying many-partile wave funtions of the Bose-Einstein ondensate.
The results are ompletely dierent and beause the seond approah seems to be more fundamental the question
of the validity of the standard interpretation of the measurement data in JJ qubit experiments is justied.
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